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Two-dimensional phase unwrapping using wavelet transform
SooBum Kim and Young-Soo Kim A method for solving the least squares two-dimensional phase unwrapping problem is presented. This technique is based on the multiresolution representation of a linear system using the discrete wavelet transform. By applying the wavelet transform to the original system, a better convergence condition of an equivalent new system can be achieved.
Introduction: Two-dimensional phase unwrapping is an important processing step in several coherent imaging applications, such as synthetic apcrture radar interferometry (InSAR) and magnetic resonance imaging (MRI). The observed phase data are wrapped values, which are restricted in a 2n modulus, therefore they must be unwrapped to their true values to derive the terrain elevation height or other information.
One of the most robust techniques for phase unwrapping is the least squares method. This method obtains an unwrapped solution by minimising the differences between the discrete partial derivatives of the wrapped phase data and those of the unwrapped solution function [l] .
Given the wrapped phase $y on a rectangular grid (0 5 i 5 M -1, 0 ' j 5 N -l), the partial derivatives of this wrapped phase are defined as where Wis the wrapping operator that wraps the phase into the interval [-n, z] . The differences between the partial derivatives of the solution $, , and those in eqn. 1 can be minimised in least squares sense, by differentiating the sum with respect. to 4q and setting the result to zero. This yields the following linear equation where the system matrix A is a K x K (K = MN) sparse matrix and p is a column vector of plj, i s . the solution 4 of the least squares phase unwrapping problem can be derived by this linear system. The classical method for solving the discretised PDE is Gauss-Seidel relaxation. However, since A is a very sparse matrix, the Gauss-Seidel method is not practical owing to its extremely slow convergence. The multigrid method is an algorithm to solve a linear system quickly [2] and .performs much better than the Gauss-Seidel method. In this Letter, another efficient method to solve the least squares phase unwrapping problem is proposed using the wavelet transform.
Principle of operation; When solving the linear equations, the discrete wavelet transform (DWT) can be applied to improve the convergence rate. The wavelet transform decomposes a signal into its low frequency components (approximations) and high frequency components (details) [3] . The resultant set of Coefficients is a pyramidal multiresolution representation of the original signal.
The conversion of a vector 4 into its wavelet coefficients 4 and the inverse transform can be performed in the wavelet filter bank using a CQF matrix pair D and R as
$ = D 4 4 = R $ (6)
The decomposition matrix D conducts the analysis filtering, with impulse responses {ho} and { h , } , and the reconstruction matrix R conducts the synthesis filtering, with impulse responses {go} and {SI}. Subscripts '0' and '1' represent the lowpass filter and the highpass filter, respectively. Since this is a two-dimensional prqblem? the pew vector 4 contains quartered wavelet coefficients {q$", 4 7 , 4jL', ?YH, (5) is rewritten as an equivalent linear system in the wavelet domain by
where A=RTAR and ;=R$. The unwrapped solution 4 can be reconstructed from the vector 4, which is computed by solving (7) iteratively for each nodal value. Since A is more dense than the original matrix A, more global connection between the phase nodes can be made in the iterative solving process. The Gauss-Seidel method extracts the local high frequency information of the surface from only four neighbours of each nodal value. Thus, the global low frequency surface information propagates very slowly. By the multiresolution representation of the given problem, the low frequency component to be solved is separated at the lowest resolution layer of small grid size. Hence, the global information of the unwrapped solution can easily be obtained from this low frequency part of the new equation system. This makes the system convergence in the multiresolution representation faster than in the single resolution case. comparison of the performance, the V-cycle multigrid method as well as the Gauss-Seidel method is tested. In this example, three resolution layers ( J = 3 ) are used first in both the multigrid method and the proposed method. Fig. 2 shows the unwrapped phase surfaces generated after 30 iterations for each method. The convergence rates for these different methods are shown in Fig. 3a . The ordinate represents the root-mean-square (RMS) errors between the original phase and the unwrapped phase at each iteration step. As shown in
Figs. 2 and 3 4 the proposed method converges faster than the GaussSeidel method and even faster than the multigrid method. Another test is conducted to identify the effect of multiresolution levels of the proposed method. Fig. 36 shows the convergence curves for different resolution levels of J (from 1 to 5). As J increases, the grid size of the low frequency layer becomes smaller. This makes the system converge faster.
These examples indicate that the convergence rate in solving the least squares phase unwrapping can be improved by the proposed algorithm based on the wavelet transform.
Conclusion:
Biorthogonal wavelet transform is applied to solve the linear equation for the least squares two-dimensional phase unwrapping problem. The convergence rate improvement has been shown by experiments with a synthetic phase image. The proposed method provides better results than those obtained by using the Gauss-Seidel relaxation and the multigrid method. Seo and Sweeney [7] proposed the simple authenticated key agreement (SAKA) protocol that allows two parties, who share a weak password beforehand, to authenticate each other and to obtain a common session key. However, Tseng [8] pointed out that Seo and Sweeney's protocol is vulnerable to forgery and consequently proposed an improved protocol to repair this. Later, Ku and Wang [9] showed that Tseng's improvement on Seo and Sweeney's protocol is vulnerable to the backward replay attack. Lin et al. [lo] showed that Seo and Sweeney's protocol suffers from three weaknesses: (i) it cannot authenticate the identity of the user, (ii) it cannot withstand the password guessing attack, and (iii) it does not provide perfect forward secrecy. They also proposed a new protocol to enhance Seo and Sweeney's protocol and claimed that their protocol can withstand these three weaknesses. In this Letter, we will review the protocols proposed by Seo and Sweeney and Lin et al., respectively, and show that Lin et al.'s protocol still suffers from the password guessing attack.
Se0 and Sweeney's protocol:
In their protocol [7] , two communication parties, called Alice and Bob, share a common password P beforehand. The system parameters are n and g , where n is a large prime and g is a generator with order n -1 in GF(n). We describe the protocol as follows and depict it as Fig. 1 . Alice Bob key establishment xi Y, XI =gaa mod n Yl=gbQmod n X=X?-l mod n key,=Xb=gab mod n Y=Yp-' mod n key, =Ya=gba mod n key confirmation key? mod n key: mod n
